Abstract. Many experiments reveal that Daphnia and its microparasite populations vary strongly in density and typically go through pronounced cycles. To better understand such dynamics, we formulate a simple two dimensional autonomous ordinary differential equation model for Daphnia magnamicroparasite infection with dose-dependent infection. This model has a basic parasite production number R 0 = 0, yet its dynamics is much richer than that of the classical mathematical models for host-parasite interactions. In particular, Hopf bifurcation, stable limit cycle, homoclinic and heteroclinic orbit can be produced with suitable parameter values. The model indicates that intermediate levels of parasite virulence or host growth rate generate more complex infection dynamics.
1.
Introduction. Recently, theory on the effects of parasites on host population dynamics has received much attention and epidemiological models are often used to explain empirical results for host-parasite interaction system ( [5, 8] ). In these studies, authors are particularly interested in microparasites, that is, small, unicellular parasites that have direct reproduction within their host ( [1] ). According to the statements of [4] and [5] , we know that the Daphnia magna-microparasite system is particularly suitable for experimental epidemiology because Daphnia is easy to maintain, reproduce clonally, have short generation time and small sizes.
Daphnia parasites are most commonly observed in its living tissue and Pasteuria ramosa is most frequently found to infect D. magna. Usually, P. ramosa causes chronic infection of D. magna and the transmission is strictly horizontal (waterborne) through spores released from the remains of dead, formerly infected hosts ( [4] ).
Daphnia populations vary strongly in density throughout the growing season and typically go through pronounced cycles, with densities varying by more than seven orders of magnitude within a single season (p 18, [4] ). Ebert et al. ( [5] ) showed 1600 KAIFA WANG AND YANG KUANG that parasites not only suppress host density but also may bring host populations to extinction. Such oscillation and host extinction dynamics received growing attention in the literature ( [5, 8, 16] ).
To study the population dynamics of microparastitic infection, Anderson and May ( [2] ) constructed a basic phenomenological model describing the interaction between susceptible hosts (x), infected hosts (y), and free parasites (v), which is described by the following differential equations:
where susceptible hosts are produced at a constant rate, λ, die at the rate of dx, and become infected with the rate of βxv. Infected hosts are produced at the rate of βuv and die at the rate of (d + p)y that is higher than the rate at which susceptible hosts die. The parameter p measures the virulence of the parasite, which is defined as the contribution of the parasite to the mortality of the host. Free parasites are released from infected hosts at the rate of cy and die at the rate of uv. It is assumed that parameters λ, d, β, p, c and u are positive constants.
For model (1) , the basic reproduction number, which describes the average number of newly infected hosts generated from one infected host at the beginning of the infectious process is given by R 0 = λβc/(d + p)du. It is shown ( [10] ) that R 0 > 1 is necessary for persistent infection but the often observed oscillations cannot persist because the infected steady state
is globally asymptotically stable. It also fails to explain the above mentioned host extinction dynamics.
Note that model (1) assumes that susceptible hosts are replenished at a constant rate. On biological grounds, this assumption of constant hosts influx means that hosts are replenished through "reseeding" from an outside source, so it is highly inappropriate for most of those reported experiments. The population growth of Daphnia in laboratory populations with a constant food supply and no parasites maybe more appropriately described by a logistic growth model ( [4, 5] ). Logistictype function for host population growth has been employed in [5, 8, 9] .
Another problem with model (1) is its assumption that the infection term is based on the mass-action principle, i.e., the infection rate per susceptible host and per parasite is a constant β. However, experiments on D. magna ( [6] ) strongly suggest that the infection rate of microparasitic infections is an increasing function of the parasite dose, and is usually sigmoidal in shape ( [13] ). Thus, to place the model on more sound biological grounds, we replace the mass-action infection rate with a dose-dependent infection rates proposed by Regoes et al. [13] .
The combination of the logistic hosts growth and dose-dependent infection rates for host-parasite infection yields the following modified model
where parameter r is the intrinsic growth rate of host population, K is the carrying capacity for host population and the rate of infection per host, β(v), is a sigmoidal function of the parasite concentration v:
Here κ approximates the average number of parasites that enters a single host at the beginning stage of an invasion, h denotes the infectious dose at which 50% of the exposed hosts become infected ( [3] ). Infection rate functions of the general form βv m /(1 + αv n ) are studied by Liu et al. [11] and more recently by other researchers for specific values of n and m ( [14, 17] ).
In nature, the dynamics of the parasite is usually substantially faster than that of the infected host, u p, c r ( [6, 8, 9] ). Hence, in average, we may replace v by cy/u in the above model, yielding
In the following, we will explore the global dynamics of model (3) with a focus on the existence and properties of oscillatory solutions, which may depict the fluctuating behavior of the host-parasite interaction.
The organization of this paper is as follows. The basic mathematical properties of the model (3) are given in Section 2. Selective numerical simulation results are given in Section 3 which exhibit Hopf bifurcation, stable limit cycles, homoclinic and heteroclinic orbits. A discussion stressing biological implications concludes this paper.
2. Existence and stability of equilibria. To simplify the study of existence and stability of equilibria, we rescale the model (3) by letting
to obtain (still use variables x, y instead of X, Y for convenience)
It is easy to see from standard arguments that all solutions of (5) are positive for t > 0 and solutions with x(0) > 0, y(0) > 0 and 0 < x(0) + y(0) < K satisfy x(t) + y(t) < T for all large t.
The model (5) has the parasite-free equilibrium E 1 = (T, 0). The basic parasite reproduction number of the parasite of (5) is R 0 = 0 due to the fact that the infection rate at low parasite density is zero ( [15] ). Although R 0 is zero, we show below that the virus can persist in host.
The trivial equilibrium E 0 = (0, 0) always exists and is a saddle. In order to find possible positive equilibria, we let
We obtain
In the first quadrant, φ 1 (y) is a strictly decreasing and continuous function of y, φ 1 (0) = T and lim (7), we see that (5) may have two distinct positive equilibria E 2 = (x 2 , y 2 ), E 3 = (x 3 , y 3 ), or an unique positive equilibrium E * = (x * , y * ) when E 2 and E 3 overlap, or no equilibrium. Figure 1 is the bifurcation diagram of equilibria for parameters h and r. We consider now the stability of the equilibria of model (5) . The Jacobian matrix J of (5) at X = (x, y) is
It is easy to see that E 1 is a stable node and hence locally asymptotically stable. When the positive equilibria exist, Figure 4 indicates that equilibria E 1 and E 3 are both stable. Hence, any global stability result of E 1 will be conditional. For example, we can obtain the following simple global stability result for E 1 .
Theorem 2.1. The equilibrium E 1 is globally asymptotically stable if a > T .
Proof. Since a > T , we have ε = (a−T )/2 > 0. By the first equation of (5), we have lim sup t→+∞ x(t) ≤ T which implies that for any given initial condition (x(0), y(0)), there is a t 1 = t 1 (x(0), y(0), ε) > 0, such that for t > t 1 , the solution through (x(0), y(0)) satisfy x(t) < T + ε. Note that y k−1 /(1 + y k ) < 1 for all y > 0. Thus, when t > t 1 , by the second equation of (5) we have
Therefore, lim
Note that a > T is equivalent to d + p > (cK/uh) by (4). Thus, this inequality is valid if the value of h or p is sufficient large, implying that parasite can not persist if its death rate is too high or its infection rate is too low.
For equilibria E 2 and E 3 , if they exist, inequalities
and φ 1 (y 3 ) < φ 2 (y 3 ) (10) hold due to the properties of x = φ 1 (y) and x = φ 2 (y) (Figure 2 ). Using (9) and (10), we have the following intuitive stability results. Here r = 0.9, h = 4.6 and other parameters are the same as in Figure 1 .
Theorem 2.2. Suppose that equilibria E 2 , E 3 exist. Then E 2 is a saddle and E 3 is a node, or a focus, or a center.
Proof. Suppose that F (φ 1 (y), y) = 0. Then
Observe that
The above inequalities and (9) together imply that det(J E2 ) < 0. Thus, equilibrium E 2 is a saddle. Similarly, we can show that the determinant of the Jacobian matrix
due to inequality (10) . Hence, equilibrium E 3 can be a node, or a focus, or a center. Since E 1 always exists and is locally asymptotically stable, we can not expect any of these potential positive steady state to be globally stable. However, for the limit case in (5), κ = 1, we have Theorem 2.3. Suppose that κ = 1 in (5). If a > T , then no positive equilibrium exists and E 1 is globally asymptotically stable. If a < T , then an unique positive equilibrium E * exists and positive solutions tend to E * .
Proof. The results on the existence and local stability of equilibria follow from similar arguments for the case of κ > 1. It is easy to show that E * is locally asymptotically stable and E 1 is a saddle when a < T . Let D = (1 + y)/xy. We have
which is negative because x, y stay positive. This means there is no limit cycle for (5) in the positive cone based on the Bendixson-Dulac theorem. Hence positive solutions tend to E * when a < T .
When κ > 1, the previous theorem leaves three possible options for the dynamics of E 3 , rising the question of which of these options are realizable. When the virulence of the parasite is relative large, p = 0.25, Figure 3 (C)(D) shows that the sign of the trace of J E3 will change if we vary the infectious dose or intrinsic growth rate. Thus, the stability of E 3 will change under different h and r, suggesting interesting dynamics maybe in store for E 3 and possibly complex dynamics for the model. However, further mathematical analysis of the global dynamics of (5) is difficult to carry out. Therefore, in the following we turn to systematic numerical simulation to study the global and possibly rich dynamics of (5).
3. Simulation results. In this section, we use numerical simulations to explore global dynamics of model (5) with respect to different values of h and r. As in [6, 13] , we select the following dimensionless parameter values
These parameter values are within the similar ranges as those ones employed by the authors in [13] for their host-parasite systems. At first, the parameters h and r are fixed at h = 4.6, r = 0.9. We know that there are two distinct equilibria E 2 , E 3 from Figure 1 and its values are E 2 = (1.3265, 0.517559), E 3 = (1.02553, 0.629469). The eigenvalues are
for E 2 and ω 1,2 = −0.00255154 ± 0.280025i for E 3 , respectively. Thus, E 2 is a saddle and E 3 is a stable focus. When the unstable manifold of saddle E 2 intersects with the stable manifold of focus E 3 and E 1 , two heteroclinic orbits appear immediately. This is illustrated in the phase portrait of model (5) generated by Pplane 7 (see Figure 4) . Note that SM in Figure 4 is the stable manifolds of E 2 (solid line), the heteroclinic orbits (dash line) are also the unstable manifold of E 2 , and the phase plane of (5) is divided into a domain of extinction (white area, solutions tend to E 1 ) and the region of persistence for the parasite enclosed by SM (grey area, solutions tend to E 3 ). Thus, the initial concentration of the parasite can affect the result of invasion. Figure 4 . An illustration of the invasion region (the golf club head shaped region containing E 3 ) and heteroclinic orbits for (5) (the spiral solution connects E 2 to E 3 and the trajectory connects E 2 to E 1 ). Note that SM is the stable manifolds of E 2 (solid line), the heteroclinic orbits (dash line) are also the unstable manifold of E 2 , and the phase plane of (5) is divided into a domain of extinction (white area, solutions tend to E 1 ) and the region of persistence for the parasite enclosed by SM (grey area, solutions tend to E 3 ). Here r = 0.9, h = 4.6 and other parameters are the same as in Figure 1 . Figure 5 . Illustrations of the invasion region and stable limit cycle for (5) . Note that SM is the stable manifolds of E 2 (solid line), UM is the unstable manifolds of E 2 (dash spiral line), SLC is the stable limit cycle resulted from a Hopf bifurcation at E 3 (solid cycle), and the phase portrait of (5) is divided into the domain of extinction (white) and the domain of persistence (the grey region bounded by the stable manifold of E 2 ) for the parasite. Here r = 0.9, h = 4.549 and other parameters are the same as in Figure 1 . Illustrations of the homoclinic orbit and heteroclinic orbit for (5) . Note that the homoclinic orbit (dash-dot line) is simultaneously a stable and an unstable manifold of E 2 . Parasite will persist inside the region (grey). Here r = 0.876 and other parameters are the same as in Figure 1 .
Next, we will examine the effects on the global dynamics of (5) when we vary the parasite infectious dose value and the host intrinsic growth rate.
3.1. Effect of the infectious dose change. In this subsection, we keep the intrinsic growth rate of host at r = 0.9. Figure 1 shows that equilibrium E 2 approaches E 3 gradually and merge into E * at the critical value h = 4.672. Thus, the heteroclinic orbit in Figure 4 is shortened gradually in this process but the invasion region remains. By further increasing the infectious dose value, the invasion region disappears along with the equilibrium E * . From figure 3 , we see that when the infected dose of parasite is decreased to h = 4.549, the eigenvalues of the equilibrium E 3 = (0.990458, 0.648332) are
Thus, the characteristic roots of the equilibrium E 3 will cross the imaginary axis for some values of h in the neighborhood of 4.549. By Mathematica, we found that an approximation of its Liapunov number is σ = −0.069 with an eighth order polynomial approximation of the normal form of Hopf bifurcation for model (5) at E 3 . Hence a supercritical bifurcation occurs and a stable limit cycle bifurcates from E 3 as we h decrease further from h = 4.549 since σ < 0 ( [7, 12] ). In the process, the stability of E 3 is transferred from stable focus to unstable focus ( Figure 5 ).
3.2.
Effect of the host growth rate change. In this subsection, we keep the parasite infectious dose at h = 4.6. At r = 0.8876455, the eigenvalues of E 3 = (1.04287, 0.620789) are
Thus, the eigenvalues of E 3 will cross the imaginary axis for some r is in the neighborhood of 0.8876455. When that takes place, a stable limit cycle surrounding E 3 appears via Hopf bifurcation. The stability of E 3 changes from stable focus to unstable focus. After this, Figure 6 (B) indicates that there is a gradual increase in the amplitude of the stable limit cycle. However, the limit cycle disappears suddenly near r = 0.876 when it becomes a homoclinic orbit of the saddle E 2 (see Figure 7) . After the critical value of r, the homoclinic orbit breaks into two heteroclinic orbits (see Figure 8 ). One connects equilibria E 2 and E 1 . The other connects E 3 to the saddle E 2 . Note that equilibrium E 3 is an unstable focus. In this case, except the positive steady states and two stable manifolds of E 2 , all positive solutions tend to E 1 .
4.
Discussion. When susceptible hosts are replenished at a constant rate and the infection term is a sigmoidal infection, [18] proved that there is a degenerate singular infection equilibrium and fluctuation effect can display. If there are logistic host growth and mass action incidence function in the model of host-parasite interactions, [5, 8] proved that either the parasite-free equilibrium is globally asymptotically stable, or the unique parasite equilibrium is globally asymptotically stable. Thus, the dose-dependent infection is possible in producing an oscillation. The population growth of Daphnia can be reasonably well described by a logistic growth model ( [4, 5] ). In this paper, we incorporate the logistic hosts growth and dose-dependent infection rate into the standard modeling framework and obtain the revised model (5) under the assumption that the dynamics of the parasite is substantially faster than that of the infected host. Despite having a basic parasite production number R 0 = 0, this strikingly simple two dimensional autonomous system generates surprisingly rich and novel dynamics that include limit cycle, homoclinic and heteroclinic orbits with suitable parameter values. We summarize some of these interesting and plausible dynamical behaviors in the following tables. Here, the baseline parameter values are (11) and the intrinstic growth rate is fixed as r = 0.9. Table 2 . The main effects of the host growth rate change Host growth rate r Dynamics r > 0.888 E 1 is a stable node, E 2 is a saddle, E 3 is a stable focus and a heteroclinic orbit connecting E 2 and E 3 appears 0.876 < r < 0.888 E 1 is a stable node, E 2 is a saddle, E 3 is a unstable focus and the amplitude of stable limit cycle increases 0.844 < r < 0.876 E 1 is a stable node, E 2 is a saddle, E 3 is a unstable focus, the homoclinic orbit of E 2 is broken. Heteroclinic orbits connecting E 2 and E 3 , E 2 and E 1 appear r < 0.844 E 1 is GAS
Here, h = 4.6 and other parameter values are given by (11) .
Observe that a larger value of h implies that the parasite is less infectious. If parasites are weakly infectious, then naturally they can not persist. However, Table 1 also suggests that for intermediate and very infectious parasites, bistability is the rule. In these situations, while small initial value of infected host will not generate persistent infection, larger amount of infected host will sustain the infection in the form of an stable endemic equilibrium or a stable limit cycle. In view of the fact that larger value of r imply faster growth rate of the susceptible host, not surprisingly, Table 2 presents dynamical results that are parallel to those presented in Table 1 as we increase the value r. In short, intermediate levels of parasite virulence or host growth rate generate more complex infection dynamics.
Some studies have shown that parasites can drive host populations to extinction ( [5] ). This important deterministic outcome is solely missing here, as in most of existing models, with exceptions include those in [8] and [9] .
